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ELASTIC BENDING OF PRETWISTED BARS*
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Abstract-A method of solution is given for the elastic bending of bars with a moderate rate of initial twist.
Results are obtained for an elliptical cross section showing the effect of pretwist on the bending stiffness of the
corresponding untwisted bar. When the cross section is reasonably thin the effect of pretwist can be significant.

INTRODUCTION

WHEN a bar oftwisted form in the unstressed state (pretwisted) is bent by end couples, it is
immediately apparent that the response will be influenced by the varying orientation of the
cross section, especially when the flexural rigidities (£1) about the two principal axes of the
section are markedly different. The obvious first approximation is to apply locally the
elementary beam formulas, relating components of moment and curvature in principal
planes. This, however, disregards the helicoidal shape of the boundary, treating it locally
as cylindrical or prismatic. In this paper we take account of the helicoidal shape, assuming
the solution is representable as a power series in a pretwist parameter x. A general method
of solution is presented and the first few terms of the series worked out for an elliptical cross
section.

The solution shows that a moderate rate of pretwist reduces the bending stress O'~ of
elementary beam theory while introducing components of stress O'~, O'~, '~Y' ,~z, ,~z small
compared to O'~. The local centerline curvature is correspondingly increased. For reason
ably thin sections, such as those used for turbine blades, the increase in curvature for bending
in the stiff (x', z) plane of the cross section can be significant-20 % or more-while the
increase for bending in the flexible (y', z) plane is negligible. The dominant terms of the
series, showing the modifications to the stresses and curvatures of straight beam theory
introduced by pretwist, are given by equations (21) and (22).

Investigations of the bending vibrations of pretwisted bars are described in references
[1-13]. In analyses [1-10] it is assumed that the relation between components of moment
and curvature in a principal plane of the cross section is the same locally as that for an
untwisted bar. In [11-13] it is assumed only that the moment--curvature relation is linear,
leaving the constant of proportionality unspecified. Experimental results are presented in

* Most of the work was performed at Stanford University, supported by the Office of Naval Research under
contract Nonr 225(29).
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[5-8] and [13]. In general, the analytical and experimental results indicate that a small
amount of pretwist has little effect on the lowest natural frequency, but changes the higher
natural frequencies appreciably when the cross section of the bar is sufficiently thin.

Zickel [14] and Maunder [15] have obtained solutions for the bending of pretwisted
beams of doubly symmetric cruciform cross section, which indicate that the bending stiff
ness about a principal axis of the cross section is reduced by a factor involving pretwist.
Using an energy method, Zickel's analysis takes into account the effect of interactions
between pretwist and distortion of the cross section. Maunder obtains larger corrections
which agree with his experimental results.

The static bending of a bar with one principal moment of inertia quite small compared
to the other has been considered by Maunder and Reissner [16]. Using thin shallow shell
theory they obtained an approximate solution for the pure bending of a pretwisted rectan
gular plate which is comparable to the first term of the solution obtained here.

THE BOUNDARY VALUE PROBLEM-ARBITRARY CROSS SECTION

Fixed coordinates x, y, z are placed so that z coincides with the centerline of the pre
twisted bar and x and y coincide with the principal axes of the cross section at z = 0 (Fig. 1).
All cross sections have the same shape. The cross section at z is rotated relative to the cross

y

FIG. I. Segment of a pretwisted bar.

section at the origin by an angle kz, where k is the uniform rate of pretwist. The bar is bent
by a couple with components M x and My about ox and oy respectively.

The well known solution for the components of stress crz and curvature K x , K y of an
untwisted bar is given by

MxY Myx.
crz = -1---1-'

x y

(1)

After some exploration it appeared more advantageous to seek a stress rather than displace
ment solution since there is a sense in which the stress distribution is the same for each cross
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section, making possible a reduction of the three dimensional problem to a plane problem.
It is convenient then to specify stress components, not according to curved coordinate
surfaces related to the boundary shape, but in a local orthogonal cartesian system at each
cross section. This system, x', y', z, is such that x' and y' coincide locally with the principal
axes of the section (Fig. 1). They are related to the x, y, z system by

x' +iy' = eikZ(x +iy). (2)

The corresponding stress components (on an elementary parallelipiped with edges
parallel to the local x', y', z directions) are written (j~, (j~, (j~, <y, <Z, r~z. They are related
to the x, y, z components by the well known formulas of transformation from one ortho
gonal cartesian system to another, the scheme of direction cosines being

x'

i
z'

x

cos kz
sin kz

o

y

-sin kz
cos kz

o

z

o
o
I

In terms of these stress components the differential equations of equilibrium become

(3)

where

D 1 0 , 0
2=-y-+X

ox' oy"

To express the Beltrami-Michell compatibility conditions we introduce the operators

2 2 0L = k (D 2 -1) +2k-D2oz

and write

(J' = (j~ +(j~ +(j~
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(4)

The six equations are then

(1 +V)[(V'2 +L-P)(J~ +2FO"~ +2DIT~yJ + 02~: = 0
. ox"

(j2()'
(1 +V)[(V'2 +L - k2)0"~ +2k20"~- 2D 1T~yJ + Oy'2 = 0

(1 +V)(V'2 + L +P)o-~ + (L +k2 + ::2) 0' = 0

(1 +v)[(V'2 +L)T~z-DIT~zJ +k(Dz : _::,0,)0' + 02~' = 0
uy' ux oy'uz

(
0 0 ) o2e'

(1 +V)[(V'2 +L)!~z +DIT~z] +k D2~ +-;-; 0' +-- = 0
uX' uy ox'oz

(1 +V)[(V'2 +L-3k2)T~y +Dl«(J~-O"~)J +o~~:~' = 0

where v is Poisson's ratio.
When the stress components are independent of z, equations (3) and (4) reduce to those

derived by Okubo [17] for the torsion and tension of helicoidal rods.
For a boundary surface described by F(x, y, z) = 0, the direction cosines I, m, n of the

normal to the surface are proportional to oFlox, of/oy, oFloz respectively. For the pre
twisted bar, the lateral surface is described by F'(x', y') = 0 and the boundary conditions
transform into three of the type

(5)

where the direction cosines r, m', n' are proportional to oF'/ox', of'/oy', kD2F' respectively.

REDUCTION TO A PLANE BOUNDARY VALUE PROBLEM

The components M x' My of the bending couple are regarded as prescribed. The local
components M~, M~ defined relative to the principal axes at a cross section are the simple
periodic functions of kz expressed by

M~ +iM~ eikz(Mx +iMy). (6)

Since the loading is periodic, the stress components must also be periodic in kz, and in
particular, it is reasonable to expect a solution for the locally defined stress components
in cos kz, sin kz rather than the complete Fourier series in cos nkz, sin nkz.

To facilitate later treatment of thin cross sections, we introduce the dimensionless
coordinates ~, 1'/ and parameters x, 8, defined by

~ = x'la, 1'/ = y'lb; x = ka, 8 = bla (7)

where a and b are two representative dimensions of the cross section, b being the smaller
(the minor semi-diameter for the ellipse). The locally defined stress components are taken
to be of the form

«(J~, (j~, (J~, T~y, !~z, <z) E . Re[(P, Q, R, S, T, U) e- ikz] (8)
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P = p* +ip, Q q* +iq, etc.

and p*, p, etc., are real functions of ~, /'f, x, and s.
With subscripts ~,/'f indicating partial derivatives, the equations of equilibrium (3)

become

where

sP~ +S~ +x(D4 -is)U +sxT = 0

sS~ +Q~ +x(D4 - is)T-exU = 0

eU~+T,,+x(D4-ie)R = 0

(9)

2 00
D4 = -e /'f O~ +~ oIJ'

The six compatibility equations (4) become

(1 +V)[e2p~~ +P~~ +x2D3P +2ex2D4(2S-iP) +2s2
X

2(Q-P-2iS)] +e2<1>~~ = 0

(1 +V)[e2Q~~ +Q.,., +x2D3Q- 2sx2D4(2S +iQ) +2e2x2(p- Q +2iS)] +<1>.,., = 0

(1 +v)[e2R~~ +R~., +x2(D 3 -2isD4)R] +x2(D 3 -2isD4 )<1> = 0
(10)

(1 +v)[e2~~ +1;,., +x2D3 T - 2ex2D4(U +iT)-e2x2(T- 2iU)] +x(D4- ie)<l>~- e2x<l>~ = 0

(1 +v)[e2U~~ +U.,~ +x2D3U +2sx2D4(T- iU) S2 X 2(U +2iT)] +ex(D4- ie)<l>~ +ex<l>., = 0

(1 +V)[S2S~~ +S.,~ +x2D3S +a2x 2(iP-iQ-2S) +2sx2D4(Q-P-iS)] +s<l>~., = 0

where

and

<I> = qJ* +iqJ = P +Q +R

The three boundary conditions (5), with (8), become

(P*, p, s*, s, u*, u)l' +(s*, s, q*, q, t*, t)m' +(u*, u, t*, t, r*, r)n' = 0 (11)

three arising from the terms in cos kz and three from terms in sin kz.
On any cross section z the stress component u~ is to form a couple with bending com

ponents as expressed by (6). The components of shear r~z, r~z are to give no torsional
couple or force resultants. From these conditions we obtain the relations

e2ff R/'f d~ d/'f = (Mx -iMy)/Ea3

s ff R~ d~ dIJ = -(Mx +iMy)/Ea3

ff (~T- e/'fU) d~ d/'f = 0

ff Tded'1 = 0

f f U d~ d'1 = o.

(12)
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The problem has now been reduced to the determination of the twelve real functions
p*, p, ... ,u*, u in (8) as functions of position in the region of the ~, I] plane representing the
cross section. Although the number of unknowns has been doubled, the number of inde
pendent variables has been reduced from three to two.

SERIES SOLUTION FOR MODERATE PRETWIST~ELLIPTICAL
CROSS SECTION

The form of equations (9) and (10) does not encourage the expectation that a complete
solution can be obtained even for the simpler cross sectional shapes. However, for a mod
erate rate of pretwist we may consider a solution in the form of power series in x and thereby
reduce the formidable boundary value problem of (9), (10), (11) and (12) to a sequence of
more manageable boundary value problems. The functions P = p* +ip, Q = q* +iq, etc.
in (8) are thus taken to be power series of the form

(13)

where summation is understood over the repeated index j for all positive integer values
including zero. The sign of x is not restricted: negative values (left-handed pretwist) are
permitted. But if we have a solution for a positive x, we can at once convert it into the
solution for a negative x by reflecting the bar in a mirror parallel to its axis. Inspection of
the reflection shows that

pj, Pj' qj, qj,rj, rj , sj, Sj = 0 for j odd

tj, tj , uj, uj = 0 for j even.
(14)

For a particular boundary shape, the solution is obtained by substituting the series
(13) into (9), (10), (11) and (12), and setting the coefficients of x j equal to zero for each j.
The resulting sets of equations~boundary value problems-each corresponding to a
power of x can be solved successively for any number of terms desired in the series (13).

The method of solution is demonstrated here for an elliptical cross section. Taking 2a
and 2b as the major and minor diameters, the boundary in the ~, I] plane is the circle
C +1]2 = 1. The direction cosines 1', m', n' are then proportional to G~, 1], x(l- G2)~I], and
the boundary conditions (11) become

(p*, p, s*, s, u*, u)G~ +(s*, S, q*, q, t*, t)1] +(u*, U, t*, t, r*, r)x(I-G2)~1] = 0 (15)

Details of the solution are given in the Appendix. For the elliptical section, the x
coefficients are found to be simple polynomials in ~ and I] that increase in degree with
increasing powers of x. The resulting stress components are expressed in a manner which
shows at a glance the correction terms that must be applied to the straight bar (x = 0)
solutiont (1) to account for the effects of pretwist (x # 0). The results for terms in the series

t In consequence, negative powers of ~ and '1 appear in some of the correction terms of (16), but are cancelled
out by x' and y' in the factors representing the straight bar solution.
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through x2 are

(T~ = M~y'{[3q(l- ~2) +q821'/2JX2 +O(x4
) + ...}

Ix

_ M~X' { [C6~2 +3C5(l-1'/2)JX2 +O(x4) + ...}
I y

(T~ =~~Y' {1-MCHI-6~2) +C!82(1-21'/2)Jx 2 +O(x4
) + ...}

Ix

1237

(16)

C:l< = (1-82 )(e; +d;82 +C;84 +b;86 +a;88
) .

I 3(1 +v)(3 +82)(1 +382)(5 +282 +84 )'

(1- 82 )(d; +C;82 +b;84 +a;86
) .

3(1 +v)(3 +82)(1 +382)(5 +282 +84
),

1,2, ... ,8

i = 1,2,3,5 and 7

i = 4,6 and 8
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and

es = -3(1-v)

C j = 68 +131 v +66v 2

C2 = 8-93v-66v2

C3 = -(73 +28v)

C4 = 111 +66v

Cs = -10

c6 = 2(22 +19v)

C 7 = -14

Cs = - 3(23 +22v)

et = 3(20 +14v +v2
)

e2 = - 3(10 +9v +v2
)

e3 = 15(1 +v)

e7 = 3(4 +v)

es = O.

b l = 28 +23v +28v2

b2 = 4-7v-28v2

at = 3v(1 +v)

a2 = 3(2-v2
)

a3 = -3v b3 = -2(2+11v)

a4 = 3(1 +2v) b4 = 2(10 +19v)

as =3(1-v) bs =-(9+10v)

a6 = -18(1-v) b6 = 3(15 +22v)

a7 = -3v b7 = -(11 +lOv)

as = 3(1-2v) bs = -2(1 +19v)

d t = 164+153v+28v2

d2 = -(52 +97v +28v 2
)

d3 = 2(7 +19v)

d4 = 6(7 +3v)

ds = 3 +10v

d6 = 3(3 +2v)

d7 = 29 +10v

ds = -6(2+3v)

For the case 'K = 0, the straight bar, and for B = 1, the bar with circular cross section, all
the correction terms vanish, as would be expected.

CENTERLINE CURVATURE

Components of centerline curvature may now be determined using the stress solution
(16). For small displacements u and v, the components of centerline curvature in the x, Z

and y, z planes are approximated by

v2u 2(1 +v) Ve xz 1 v
K = - = ----- -[0' -v(O' +O')J

x OZ2 E OZ E ax z x y

02V 2(1 +v) Oeyz 1 a
K = --= ----+--[0' -v(O' +0')].

y vz2 E OZ E oy z x y

(17)

Local components K~ and K~ defined relative to the principal axes at a cross section, are
related to K x and K y by

(18)

Using (2) and the appropriate stress transformation, the local components of curvature are
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expressed in terms of local components of stress by

, 2(1 +V)(o,~z ') 1 a [' (' ')JK = --- --+k, --- a -va +a
x E oz yz E ax' Z x y

, 2(1 +v)( o,~z ') 1 a[' (' ')JK y = --E-- oz -krxz +i; oy' az-v ax +ay .

1239

(19)

For the elliptical cross section the components of centerline curvature obtained by sub
stitution of (16) into (19) are

M~{ C 1 x
2 [C 2 4(1-8

4
) J 2 4 }

K~ = Ely 1 +22+ 2 +vC4 +3vCs (3 +82)(1 +382) x +O(x ) + ...
(20)

M' {[c* (C*) 4(1-8
4

)8
2 J }K~ = El: 1- i + 3vq + i +vq 8

2
- (3 +82)(1 + 382) x

2
+0(x

4
) + . .. .

SUMMARY OF RESULTS

It will be observed that the constants Ci and Cr defined below equations (16) may be
represented as power series in 8 starting with 8 to the zero power. Since it is known from
experiments that the effect of pretwist is most pronounced for thin sections, we may simplify
the solutions (16) and (20) without great loss of generality by limiting 8 to small values.
Expanding Ci and Cr in power series in 8, and neglecting terms of order 8

2 compared to 1,
the predominant terms in the x series (x 2 small compared to 1) for stress components are
found to be

(21)

and for curvature components

K' = M~[1 +~ x
2

] • K' = M~ (22)
x Ely 6 8 2 ' y Elx

Summarizing the results, we find that for moderate rates of pretwist and reasonably
thin sections, the classical solution for a straight bar must be modified for bending in the
stiff (x', z) plane of the cross section but is relatively unaffected for bending in the flexible
plane. For an elliptical cross section with 8 = 0'1, x = 0,2, v = 0,3, the largest stress
(a~ at ~ = ± 1) is reduced by 20% while the curvature K~ is increased by 20%. Thus for
dimensions in the range of interest for turbine blades, for instance, the effect of pretwist
is significant. This tends to bear out findings of previous analyses and experiments that
the lowest natural frequency, corresponding roughly to bending in the flexible plane, is
essentially unchanged by a moderate pretwist. But for the higher natural frequencies it
would appear that the straight bar relations assumed in references [1-10J could lead to
significant errors.

The stress components (21) and curvature components (22) may be compared with
results obtained by Maunder and Reissner [16J for the bending of a shallow hyperbolic
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paraboloidal shell--essentially a pretwisted plate. They found the sheet stress and centerline
curvature at the origin (z = 0), due to bending in the stiff (x, z) plane, to be

I MyX[ v -2 X
2

]
2b N xx = --T; 1 +15(3- 5<; ) [;2

M [ V x
2

]K x =-y 1 +--2-
Ely 5 I;

while the curvature and stresses due to bending in the flexible (y, z) plane are unaffected
by pretwist. Thus the leading terms of the series (16) and (20) obtained here are in substantial
agreement with the Maunder and Reissner results, the small differences being due no doubt
to the difference in cross sectional shapes treated.

REFERENCES

[I] R. C. DIPRIMA and G. H. HANDELMAN. Vibrations of twisted beams. Q. appl. Math. 12.241-259 (1954).
[2] R. J. DUNHOLTER. Static displacement and frequencies of a twisted bar. J. aeronaut. Sci. 13,214-217 (1946).
[3] A. I. MARTIN, Approximation for the effect of twist on the vibration of a turbine blade. Aeronaut. Q. 8.

291-308 (1957).
[4] G. W. JARRETT and P. C. WARNER, The vibration of rotating tapered-twisted beams. J. appl. Mech. 20.

381-389 (1953).
[5] J. GEIGER, Influence of twist in turbine blades on natural frequencies and directions of vibrations. Engr's

Dig. 11, 115-118 (1950).
[6] A. MENDELSON and S. GENDLER, Analytical and experimental investigation of effect of twist on vibrations

of cantilever beams, NACA TN 2300 (1951).
f7] D. D. ROSARD, Natural frequencies of twisted cantilever beams. J. appl. Mech. 20, 241--244 (1953).
[8] H. A. SLYPER. Coupled bending vibrations of pretwisted cantilever beams. J. mech. Engng Sci. 4. 365-379

(1962).
[9] B. BUDIANSKY and R. C. DIPRIMA, Bending vibrations of uniform twisted beams. Technical Report No.8

Nom 1866(02), Div. of Engineering and Applied Physics, Harvard University, Cambridge, Mass. (1960).
[10] G. ISAKSON and J. G. EISLEY. Natural frequencies in bending of twisted rotating and nonrotating blades.

NASA TN D-371 (1960).
[II] A. TROESCH, M. ANLIKER and H. ZIEGLER, Lateral vibrations of twisted rods. Q. appl. Math. 12. 163--173

(1954).
[12] M. ANLIKER and B. A. TROESCH, Lateral vibrations of pretwisted rods with various boundary conditions.

Z. angew. Math. Phys. 14,218-236 (1963).
[13] E. DOKUMACI. J. THOMAS and W. CARNEGIE, Matrix displacement analysis of coupled bending--bending

vibrations of pretwisted blading. J. mech. Engng Sci. 9, 247-254 (1967).
[14] J. ZICKEL, Bending of pretwisted beams. J. appl. Mech. 22, 348-·352 (1955).
[15] L. MAUNDER, The bending of pretwisted thin-walled beams of symmetric star-shaped cross sections. J.

appl. Mech. 25, 67-74 (1958).
[16] L. MAUNDER and E. REISSNER, Pure bending of pretwisted rectangular plates. 1. Mech. Phys. Solids 5.

261-266 (1957).
[17] H. OKUBO, The torsion of spiral rods,}. appl. Mech. 20, 273-278 (1953).

APPENDIX-SOLUTION FOR COEFFICIENTS OF THE X SERIES

Zeroth boundary value problem (XO)
The differential equations and boundary conditions for the elliptical cross section are

given by (9), (10), (12) and (15). Substituting the series (13) into these equations, and setting
the coefficients for each power of x equal to zero, we obtain sets of equations relating

Pj , Qj"" Vj'
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The set of equations obtained from the coefficients of X
O is

1241

From (9):

From (10):

From (15):

ePo,~ +So.~ = °
eSo.~ +Qo,~ = 0,

(AI)

(A2)

(A3)

Equations (A2) can be combined with (AI) and rewritten in the form

(A4)

Now, assuming a polynomial solution in ~ and '1, we express Po, Qo, R o and So as
sums of polynomials

(AS)

i, j = 0, 1, 2, ...

To simplify the solution, we consider only the component of bending moment Mx(M y = 0).
Then, from symmetry of the cross section about ~ and '1, it can be seen that

p*, q*, r*, s = ° for i even, j odd

p, q, r, s* = ° for i odd, j even
(A6)
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Substituting (AS) into (A4) and (AI), the polynomial forms of Po, qo, ro , So that satisfy
(AI) and (A2) are found to be

ro = Re[ L rop]
j odd

R [
"\' nJ 3 2)< 2 10 )« 2)<2 2 4 4)Po = - e L.. Soj<" --r031:: ,>1] --r05,> I:: '> " -I:: 1] + ...

jodd V V

I [
"\' r'J 1 3 3 2 2 2 2 4 4So = m L. SOj<"J +-r031::" +-r0581](51:: e" I:: '1 ) + ...

jodd V V

(A 7)

where ( = e+i8", Similar sets of polynomials are obtained for P:, q:, rt, s:. It should be
noted at this point that the solution has not yet been restricted to the elliptical cross section,
only to a doubly symmetric section, and that is not essential to the method. We might
reasonably expect, therefore, that the solution for other cross sectional shapes described
by simple polynomials in eand " would be no more difficult.

The coefficients of the polynomials (A7) are obtained from the boundary conditions.
Putting (A7) into (A3) and replacing '1 2 by 1-e2

, the set of equations obtained from the
coefficients of each power of e, written in matrix form, is

Ar = 0 (A8)

where
all au al3 a I4 SOl

a2l a22 a23 a24 qOl

a33 a34 S03

A= a43 a44 , r = r03

0 S05

r05

and the alj are functions of v and e only. It can be seen from the derivation of (A8) that the
2 x 2 blocks of elements on the diagonal of A are nonsingular. Therefore A is nonsingular
and the solution of (A8) is

r=O (A9)

The only remaining nonzero coefficient is rOl, which is found from the conditions (12)

(My = 0) to be

(AlO)
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The solution to the imaginary parts of (AI), (A2) and (A3) thus becomes

Similarly, the solution to the real parts of (AI), (A2) and (A3) is found to be

1243

(All)

(A12)

With a solution for Mx(My = 0), the solution for My(Mx = 0) can be obtained by replacing
kz in (8) by kz +!n.

Of course the results in (All) and (A12) could have been deduced immediately from
the straight bar solution (x = 0) and verified by substitution into (AI), (A2) and (A3). The
purpose of solving the equations here is to demonstrate the method and show the solution
is unique.

First boundary value problem (Xl)

The set of equations obtained by setting the coefficients of Xl equal to zero is

From (9):

From (10):

(1 +v)[e2Tl.~~ +Tl.~~J = ie(1-e2)B

(1 +v)[e2U 1.~~ +U 1.~~J = -e(1-e2)B.

From (15):

where

Again assuming a polynomial form of solution, T1 and U 1 are expressed as

T1 = Tliiv, e)'1i~j

U1 = Uliiv, e)'1i~j i,j = 0,1,2, ...

and it is noted from symmetry of the cross section that

t, u* = 0 for i odd, j odd

t*, u = 0 for i even, j even.

(Al3)

(A14)

(A15)

(A16)

(A17)
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By substitution of (AI6) into (A13) and (AI4) the polynomial forms of t l and UI are
found to be

(AI8)

where' = ~ +iel1.
Substituting (AI8) into the boundary condition (AI5), and replacing '12 by 1- ~2, the

set of equations obtained from the coefficients of each power of ~, written in matrix form, is

At = b (AI9)

where

au all a13

tool
b l

a22 a23 t02 b2

A= a33 t= t04 , b= 0

0

J
0

and the aij and hi are known (b i = 0 for i > 2). Since the diagonal elements of A are non
singular, the solution to (AI9) is

where the form of A - I is

A 1=

Thus the solution (A20) of (AI9) is

bll b12 b13

b22 b23

b33

o

too = bub l +b 12b2

t02 b22b2

(A20)

(A21)

t0 4' t06 ' tos,'" = O.

Since A is upper triangular, the bij are readily determined from the first few aij' Thus

1
bu = - = 1;

au

1 1
bn = a22 = (1 +382);



and
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(A23)

(A22)

s(1- S2) b 3s(1- S2)
b 1 = - 2(1 +v) B, 2 = 2(1 +v) B.

The resulting solution of the imaginary parts of (Al3), (A14), and (A15) is

_ s(1-s2)B 1 2 2.

t 1 - -2(1 +v)(l +3s2)( -3~ -17 ),

Ul = L1 :v) +3S2J~~~;~~I7'
Similarly, the solution of the real parts of (Al3), (A14), and (A1S) can be found to be

* [3 v 2](1-S
2
)W

t 1 = - +(1 +v)s (3 +S2) '017

s(1-s2)B 1- 2_3 2
u1 = 2(1 +v)(3 +S2) ( ~ 17 ).

It is easily verified that (A22) and (A23) also satisfy the conditions (12) on each cross
section.

Solution of the boundary value problems associated with the higher powers of Ie

continues in a similar fashion, the difficulty encountered being no greater than for the
first two boundary value problems shown here. The sets of equations are similar, differing
only in the nonhomogeneous terms.

(Received 12 March 1969)

A6crpaKT-,I:\ae-rcjJ peUIeHHe )UlJI ynpyroro H3rn6a 6aJIOK co cpe,u;He.il: CKOpOCTbIO Ha'laJIpHorO KpY'leHIDI.

ITOJIY'laIOTClI pe3YJIbTaTbI )UlJI 3JlJIHnTH'leCKOrO nonepe'lHOrO pa3pa3a, nOKa3b1SaIOlIIHe 3cPljleKT npe,u;sa

pHTeJIbHOro KpyqeHIDI Ha )l(ecTKOCTb H3rH6a COOTBeTCBeHHO.il: HecKpY'leHHo.il: 6aJIKH. BeJIH nOnepe'IHbI.il:

pa3pe3 lISJIlIeTClI YMepeHHO TOHKHM, 3cPcPeKT nepe,u;BapHTeJIbHOrO Kpy'leHHlI MOlKeT OKa3aTbClI 3Ha'IHTeJI

bHblM.


